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Abstract. Large deviation rates are obtained for suspension flows 
over symbolic dynamical systems with a countable alphabet. The 
method is that of the first author [ 1 J and follows that of Young 1 23 J . 
A corollary of the main results is a large deviation bound for 
the Teichmiiller flow on the moduli space of abelian differentials, 
which extends earlier work of J. Athreya [3- 

1. Introduction 

1.1. The Teichmiiller flow. Let g > 2 be an integer. Take an arbitrary 

integer vector k = (ki, . . ., kg) such that fc, > 0, fci H vkg = 2g -2. 

Let AXk be the moduli space of abelian differentials with singu- 
larities prescribed by x, or, in other wors, the moduli space of pairs 
(M, cS) such that M is a compact oriented Riemann surface of genus 
g and cu is a holomorphic one-form on M whose zeros have orders 
ki, . . . , kg. We impose the additional normalization requirement 



CO Aco = 1. 

'M 

(in other words, the surface M has area 1 with respect to the area 
form induced by w). The space Mk need not be connected and we 
denote by 'K a connected component of Aix- The Teichmiiller flow 
gt on is defined by the formula 

gs{M,a}) = {M',a)'), where co' = e'%{a)) + ie-*S{a)), 

and the complex structure on M' is uniquely determined by the re- 
quirement that the form co' be holomorphic. 
The flow gt preserves a natural "smooth" probability measure on 
(Masur lUBl , Veech ||T9l ), which we denote by [j.^ (see, e.g., IfTSl for a 
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precise definition of the smooth measure; informally, the construction 
of can be explained as follows: by the Hubbard-Masur Theorem 
|[TT|, the relative periods of o) with respect to its zeros yield a local 
system of coordinates on "H; up to a scalar multiple, the measure /.Ik 
is simply the Lebesgue measure in the Hubbard-Masur coordinates). 

Veech [20J proved that the Teichmiiller flow is a Kolmogorov flow 
with respect to /.Jk. Furthermore, [J.^ is the unique measure of maximal 
entropy for the flow gt [5\. 

In fact, the Teichmiiller flow preserves a pair of infinitely smooth 
stable and unstable foliations on the measure /.Ik admits glob- 
ally defined conditional measures on the stable and unstable leaves, 
and the flow gt expands and contracts the conditional measures uni- 
formly. Informally, is the Bowen-Margulis measure for gt. 

Veech [20 J showed that the flow gt admits no zero Lyapunov expo- 
nents with respect to the smooth measure (and all ergodic measures 
satisfying a technical condition). Forni [9J showed that the expansion 
on the unstable leaves (as well as contraction on stable leaves) is uni- 
form on compact sets (whence, in particular, absence of zero exponents 
for the flow follows for all ergodic measures). 

Furthermore, the Teichmiiller flow satisfies the following exponen- 
tial estimate for visits into compact sets. Let K c "K be a compact set 
with nonempty interior. 

For X 6 set 

Tk{X) = {mf t:gtXeK}. 
Then there exists a > such that 

r exp{aTK{X))d^,{X) < +00. (1.1) 

J'H 

J.Athreya established the estimate (|1.1|) for a special family of 
"large" compact sets K. For arbitrary compact sets with nonempty 
interior (in fact, it suffices to require for some to > that the interior of 
the set Uo<t<tggtK be nonempty) the exponential estimate was proved 
in |l6]l and independently by Avila, Gouezel and Yoccoz in ||3| . 

The uniform hyperbolicity of the Teichmiiller flow on compact sets 
in combination with the estimate (|1.1[) allow one to carry over to the 



Teichmiiller flow a number of facts known about geodesic flows on 
compact manifolds of negative curvature. In particular, in [6] it is 
shown that the Teichmiiller flow satisfies the Central Limit Theorem 
with respect to /.Ik, while Avila, Gouezel and Yoccoz in [3J have shown 
that the time correlations of the Teichmiiller flow decay exponentially. 
This paper is devoted to large deviations for the Teichmiiller flow. 



LARGE DEVIATIONS FOR TEICHMULLER 



3 



Take 5 > 0, let (p : — > IR have average zero and consider the set 

B,j{(p) = {Xe^:\ [ (p{gtX)dt\>6T}. 
Jo 

If (p is the characteristic function of a specially chosen large com- 
pact set, then J. Athreya [2J showed that for any 6 > the measure 
f jc(B6,t(<p)) decays exponentially as T ^ oo. 

Our aim in this paper (see Theorem |A] below) is to extend the 
result of Athreya and to establish exponential decay of /.IkCB^ x(<p)) for 
a larger class of functions (p: namely, for functions, which, following 
||6j , we call Holder in the sense of Veech (the formal definition is given 
in nil and repeated below). 

It is essential for our proof that /Jk is the measure of maximal 
entropy and that the exponential estimate holds for /.Jk. 



Unlike Athreya's proof, which relies on the study of the action of 
the special linear group on "H, our argument only uses the symbolic 
coding for the Teichmiiller flow on "K, or, more precisely, for its 
finite cover — the Teichmiiller flow on Veech's space of zippered 
rectangles. 

1.2. Zippered rectangles. Here we briefly recall the construction of 
the Veech space of zippered rectangles. We use the notation of [6J, 

m. 

Let 71 be a permutation of m symbols, which will always be as- 
sumed irreducible in the sense that n{l,...,k} = {!,..., fc} implies 
k = m. The Rauzy operations a and b are defined by the formulas 



an{j) 



nj, if ; < n~^m, 

nm, if i = n~^m + 1, 
n{i - 1), if 7i"^m + 1 < i < m; 



nj, if nj < nm, 

hn{j) = Inj + 1, if nm < nj < m, 
nm + 1, if nj = m. 

These operations preserve irreducibility. The Rauzy class 'R{n) is 
defined as the set of all permutations that can be obtained from n 
by application of the transformation group generated by a and h. 
From now on we fix a Rauzy class and assume that it consists of 
irreducible permutations. 

For i, j = 1, . . . , m, denote by the mxm matrix whose {i, j)th entry 
is 1, while all others are zeros. Let E be the identity m x m-matrix. 
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Following Veech |fT9ll , introduce the unimodular matrices 

A{n,a) = Eii + + Y (1-2) 

A{n,b) = E + E,„^„-i,„. (1.3) 

Let 

Am-i = {Aeir: |A| = 1, A,- > for i = l,...,m}. 

Denote 

A;^ = {A G A„,_i| A„-i„j > Am}, A;; = {A G Am-i\ Am > A„-i^}, 

Let 3^ be a Rauzy class of irreducible permutations. A zippered 
rectangle associated to the Rauzy class 3? is a triple (A, n, 6), where A G 
R'", 6 G IR'", n E.'R, and the vector 6 satisfies the following inequalities: 

6i + --- + 6i<0, i = l,...,m-l. (1.4) 

6n-ii + ■ ■ ■ + 6„-i,- > 0, i = \,...,m-l. (1.5) 

The set of all b satisfying the above inequalities is a cone in R"'; we 
shall denote this cone by K{n). 

The area of a zippered rectangle is given by the expression 

m m r-1 n(r)-l 

Area{A, n, 5) = ^ Ayh,. = ^ Ar{- ^ 6, + ^ 5„-i;) = 

r=l r=l !=1 ;=1 

mm m 

1=1 r=i+l r=n(i)+l 

(again, our convention is that Z,flm+i(-") = ^^id L/LiC--) = 0)- 
Consider the set 

T(3?) = {(A, 71, 6) : 7z G 3?, A G R:^ , 6 G K(7i)}. 

In other words, 'V{Ji) is the space of all possible zippered rectangles 
corresponding to the Rauzy class "Ji. 

The Teichmiiller flow acts on "VCJi) by the formula 

P\A,n,6) = (e%7i,e-*6). 

Veech also introduces a map U acting on 'V(!3^) by the formula 

U(A 6) = i bn,A{n, b)-^5), if A G A^; 
^ \{A{n,a)-^A),an,A{n,a)-^6, ifAGA". 

The map IX and the flow commute (|[19|V 
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The volume form Vol = d\i . . . dAmddi . . . dbm on 'V{'X) is preserved 
under the action of the flow and of the map U. Now consider the 
subset 

= {(A, 71, 6) : Area{A, n, 6) = 1}, 

i.e., the subset of zippered rectangles of area 1; observe that both 
and 11 preserve the area of a zippered rectangle and therefore the set 
'y^^\'Ji) is invariant under and U. 
Denote 

t(A,7i) = (log(|A| - min(A„,, A„-i^)), 
and for x G 1^(3^), x = (A, 6, n), write 

t(x) = t(A, 7i). 



Now define 
and 



= {x G ^(3?) : |A| = 1}. 

x£j/(D?),0<f<TW 



The set 'V':^\'Ji) is a fundamental domain for U and, identifying the 
points X and Ux in 'Vq^^(3?), we obtain a natural flow, also denoted by 
P', on 

The restriction of the measure given by the volume form Vol onto 
the set 'yQ\'R.) will be denoted by [,1^. By a theorem, proven inde- 
pendently and simultaneously by W.Veech Ifl9l and H. Masur IITSl , 

l^oii'yl^\^)) < and we shall in what follows assume that jU^ is 
normalized to have total mass 1. 

Now introduce the vectors h and a by the formulas: 

r-l n(r)- l 

7z, = -2]^6, + £ (1.7) 

! = 1 /=1 

fl,— -^! 5,-1. (1.8) 

The data (A, /z, a, tt) determine the zippered rectangle (A, tt, 6) uniquely. 
We now metrize the space of zippered rectangles as follows. 

Take two zippered rectangles x = {A,h,a,n) and x' = {A',h',a',n'). 
Write 

A; |fl/| |/;/-n,| 

iliaA; — 

rf((A,h,fl),(A',/z',fl')) = log 



A" l/j'-fl'l 



A; h: \h:-ai\ 

mul, |^,|, |^,_^,| 
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and define the metric on Q(IR) by 

(d{{A, h, a), (A', h', a')) if tz = ti' and ¥ > 0; 
a{x, x) = < ""■ 
2 + d{{A, h, a), (A', h', a')), otherwise. 

We say that a function / on the space of zippered rectangles is 
Holder if it is Holder with respect to the Hilbert metric introduced 
above. 



1.3. Zippered rectangles and abelian differentials. Veech | jT9l es- 
tablished the following connection between zippered rectangles and 
moduli of abelian differentials. A detailed description of this con- 
nection is given in fl$\. 

A zippered rectangle naturally defines a Riemann surface endowed 
with a holomorphic differential. This correspondence preserves area. 
The orders of the singularities of co are uniquely defined by the Rauzy 
class of the permutation n (119]]). For any we thus have a map 

where k is uniquely defined by 3?. 
Veech [19J proved 

Theorem 1.1 (Veech). (1) Up to a set of measure zero, n-ji{'V^^\'3l)) is 
a connected component of Mk- Any connected component of any 
Mk has the form nji{'VQ\'Ji)) for some Ji. 

(2) The map n-x is finite-to-one and almost everywhere locally bijective. 

(3) nj,{Ux) = nj,{x). 

(4) The flow P* on 'Y^^\'Jl) projects under uji to the Teichmuller flow gt 
on the corresponding connected component of Mk- 

(5) iny,).i^K = li-R- 

(6) m = 2g-l + o. 

A function (p on Mk is called Hoelder in the sense of Veech if if there 
exists a Holder function 6 : 'y[|^^(3^) — > R such that (p o nn = 6. In 
particular if a function (p : 'H — > R is a lift of a smooth function from 
the underlying moduli space Mg of compact surfaces of genus g, 
then (p is Holder in the sense of Veech (see Remark 3 on p.587 in [6J). 

The main result of this paper is 

Theorem A. Let 'H be a connected component of the moduli space Mk of 
abelian differentials with prescribed singularities, let gt be the Teichmiiller 
flow, and let /j^ be the smooth measure. Let cp : ^ Rbe bounded and 
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Holder in the sense of Veech. If ii^icp) = and <p{gtz) dt ^ Ofor some 
periodic point z with period z > 0, then for any e > the limit superior 

lim sup - log [.lJx g -TY : I I (p{gtx)dt\ > Te] 

T^+oo J Jo 

is strictly negative. 

1.4. Symbolic coding for the Teichmiiller flow. The Teichmiiller 
flow on Veech's space of zippered rectangles admits a representa- 
tion as a suspension flow over the natural extension of the Rauzy- 
Veech-Zorich induction map on Veech's space of zippered rectangles 
l|T9l l20l l24 | . The Rauzy-Veech-Zorich induction has a natural sym- 
bolic coding, and the Teichmiiller flow can thus be represented as a 
suspension flow over a topological Markov chain with a countable 
alphabet. The roof function in this representation depends only on 
the past; on the other hand, it is neither Holder nor bounded away 
from zero or infinity. 

It is therefore convenient to modify the coding by considering first 
returns of the Teichmiiller flow to an appropriately chosen subset. It 
turns out that the induced symbolic representation has much nicer 
properties; the method goes back to Veech's 1982 paper [19]. 

There is a certain freedom in choosing the subset for inducing, 
and thus we obtain a countable family of symbolic flows over the 
countable full shift which code the Teichmiiller flow and whose 
roof functions are Holder and bounded away from zero; for any 
Teichmiiller-invariant probability measure at least one of them codes 
a set of probability 1. 

We summarize these facts in the following Proposition, essentially 



due to Veech 111911 ; a detailed exposition of the proof may be found in 

m- 

Let X = be the space of all bi-infinite sequences over a countable 
alphabet, and let cr : X X be the full right shift. The Holder 
structure on X is chosen in the usual way: we say that a function 
(p : X — > R+ is Holder if there exists a non-negative a < 1 such that if 
sequences a),d) eX coincide at all indices not exceeding N in absolute 
value, then 

\(p{a)) - (p{cd)\ < Ca^. 

If a function r : X — > R+ is bounded away from zero, then we 
denote by f[ the suspension flow over o with roof function r (or just 
ft when the roof function is clear from the context); by X, the phase 
space of the flow //'. 
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Given a bounded measurable function <p on X^, we define a func- 
tion (pr on X by the formula 

(pr{(o):= (p{(v,t)dt. (1.9) 
Jo 

We have then the following Proposition (see [51 and ||6|): 

Proposition 1.2. Let "Jl beaRauzy class of irreducible permutations. There 
exists a countable family of Holder functions r„, n G N, bounded away from 
zero and such that the following holds. For any n there exists an injective 
map in : X^,, — > 'V^q\'X) such that 



(1) the diagram 





p' 



zs commutative; 

(2) for the Masur-Veech smooth measure p.-^ and all n we have 

p^{in{Xr,)) = 1; 

furthermore, the measure {inX^p-R is the unique measure of maximal 
entropy for the flow f^" on X^,,; 

(3) for any -invariant probability measure p on 'V''^\'Ji), there exists 
n such that p{i„{XrJ) = 1. 

(4) if a function \p : 'V''q\JI) — > IR is Holder in the sense ofVeech, then 
the function (ip o i„ j is Holder on Q. 

This Proposition reduces the problem of large deviations for the 
Teichmiiller flow to that of large deviations for suspension flows 
over the full countable shift. We now proceed to a study of such 
suspension flows. Our approach is based on the work of the first 
author in IH which is an adaptation of the work of Young 1123 II . 



1.5. Suspension Flows over the Countable Shift. In what follows 
we present the notation for symbolic dynamics found in the pa- 
pers by Buzzi and Sarig IITSi [Zll (see also the survey of Gurevich and 
Savchenko IflOl ) which we use in this text. 

Let cr : X ^ X be the shift on the space X of bi-infinite words 
on a infinite countable alphabet. Denote by Mg the family of all 
cr-invariant Borel probability measures on X. 
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We write [x]„ to denote the cylinder of points in X with the same 
coordinates as x in the positions 0, ±1, . . . , ±{n - 1), i.e. 

[x]„ := {y eX : iji = x„ i G Z, \i\ < n}. 

We say that a function (p : X — > R is (A, a)-Hdlder-continuous if 
A>0,0<«<1 are such that var)t((p) < Aa'^ for all > 1, where 

var^((p) = sup{|(p(x) - (p(i/)| : G X,i/ G [x]k}. 

We also use the notion of summable variation: a function (p : X — > R is 
of summable variation if Xfei var)t(<p) < oo. 

We say that a (p : X — > R is log-Holder if there exist Q a > such 
that for all G N and x G X 

1 - Ce-"'' < ^ < 1 + Ce""*^ for all y G X with y G 
(p{x) 

We note that any of these conditions allows (p to be unbounded and 
implies the continuity of cp. For Holder and summable variation we 
get uniform continuity. Moreover, denoting 

vark{(p,x) = sup{|(p(x) - (p{y)\ : y e X,Xi = yi for all \i\ < k} 

we see that vark{(p,x) < vark{(p) for all > 1 if (p is of summable 
variation, and that for a log-Holder cp we get vavkiq), x) < Ce~"''^\(p{x)\, 
which now depends on (p{x). Hence a log-Holder observable never 
has summable variation, unless (p is bounded. In fact, it is easy to see 
that 

Lemma 1.3. Ifcp is Holder, then (p is of summable variation. Ifcp is bounded 
and log-Holder, then cp is Holder. 

We also say that an observable (p : X — > R is cohomologous to the zero 
function if there exists a uniformly continuous function ;^ : X — > R 
such that (p = X ° o - X- 

We use the following standard notation for Birkhoff sums of a 
function (p : X — > R with respect to a transformation / : X O on a 

space X: s{(p := Y4=o *P ° /'• j^^t write SkCp if the dynamics is clear 
from the context. 

We recall that a Gibbs equilibrium state with respect to a potential 
i/) : X — > R is, according to Bowen [4J and Sarig fT8|, a probability 
measure /.i = fii^ on X such that there exists P = Pf^iiip) G R and 
K = Kip > satisfying 

- < „ ' , , < K, for every x G X and all k>0. 
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It is well known that in this case we have 



P = sup 



(K{o)+ j \pdv) = h^{o)+ j ipdn (1.10) 



so that [I achieves the supremum above. 

Theorem B. Let o : X ^ X be a countable full shift and i/^ : X — > IR 
be a log-Holder function. We assume that 11 = ^1^ is the unique Gibbs 
equilibrium state with respect to ip. Then for every observable cp : X ^ Kof 
summable variation with mean zero (p{(p) = 0) which is not cohomologous 
to the zero function, we have 

1 

lim sup - log ii{x G X : |S„(p(x)| > ne} 



for every e > 0. In addition the supremum above is strictly negative. 

Based on this result we are able to obtain the following large devia- 
tion law for a suspension flow over a full countable shift with respect 
to the measure naturally induced by the Gibbs measure in the setting 
of Theorem ini 

Let r : X — > [ro, +00) be a log-Holder roof function with ro > a 
constant, and denote by X,- the space 



Let ft : X,- — > Xr, t > Ohe the special flow over the shift o with roof 
function r (see e.g. [S"]). 

We say that an observable (p : X ^ M. has exponential tail if there 



It is well known that given a cr-invariant probability p there exists 
a naturally induced /f-invariant measure pr on X^ (see e.g.[|8|). 

Theorem C. Let o : X ^ Xbea countable full shift and r : X — > [ro, +00) 
be a log-Holder function with exponential tail and ro > 0. We assume that 
p is the unique Gibbs equilibrium state with respect toip = -h ■ r for some 
fixed constant h > 0, and let f-.Xr^ X,. be the flow under r with induced 
f-invariant measure pr. For every bounded observable (p : X^ — > H with 




n 
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mean zero (i.e. [ir{<p) = 0) we denote (p,.{x) := j^^ (p(^ft{x,ofjdtfor x e X 
and assume that 

• (pr : X ^ ^is Holder, and 

• there exists a periodic point z = /^(z) with som.e period x > 0, such 
that (piftiz)) dt + 0. 

Then we have, denoting for simplicity r = p{r) 

limsup - logfiJz e X, : I I q)(ft{z))dt\ > eT] 

T^+oo J Jo 

<sup{hv((7)- J i/'rfv : |v((p,)| > £r,v G M^,i/' G L^(v)}. 

In addition the supremum above is strictly negative. 
Moreover, in the same conditions above if, in addition, the observable cp 
has compact support, then we have 

liminf-logiU,{zGX,: J (p(f{x,0))dt\<eT] 

> — sup \K{o) - I xpdv: |v((p,)l > — , V G M,,, G L^(v)}. 
J'o ^ J J'o ' 

The fact that the lower bound for the rate in Theorem ICl is different 
from the upper bound seems to be a limitation of the method of proof. 
The authors believe an adaptation of the methods of Waddington [[2T| 
to this setting should provide sharper results. 

1.6. Organization of the paper. In the next Section|2lwe prove Theo- 
rem |B] adapting the arguments from Young in | |23| to a full countable 
shift. In Section |3] we prove Theorem O after reducing the estimates 
of large deviation for the semiflow to estimates of certain sets of devi- 
ations for adequate observables on the base transformation, to which 
we apply Theorem|Bl Finally, in the last Section|4]we use Theorem ICl 
to complete the proof of Theorem lAl 

Acknowledgements. We are deeply grateful to Boris M.Gurevich, 
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thank the respective host institutions for their warm hospitality. V.A. 
was partially supported by CNPq, FAPERJ and PRONEX (Brazil). 
A.I.B. is supported in part by the National Science Foundation under 
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2. Large deviations for a Gibbs measure on the full countable 

SHIFT 

Here the dynamics is given by a : X — > X, the full countable shift. 
We assume that (p : X — > R if of summable variation, \p is log-Holder 
with exponential tail (which ensures that \p G L^(/i) in particular). 
Without loss of generality, we assume also that [j.{(p) = and (p ^ in 
what follows. For a given e > we consider 

D;; = {x 6 X : Sn(p{x) > nej. 

The following lemmas are useful tools during the proof. 

Lemma 2.1. Let g : X — > R &e a summable variation function and Aq = 
Xfei varjc(g). Suppose y differs from X G X is a single coordinated < \i\ < n. 
Then 

n-l 

\Sng{x) - Srrg{y)\ < Varfc(g) < Aq 

/c=0 

Moreover for given e > let n be such that e - A^/n < e/2 and let x e X 
be such that \Sng{x)\ > ne. For any y & X with x, = ytfor all \i\ < n, then 
\Sng{y)\ > ne/2. 

Proof. Just observe that if x, y G X share the same coordinates except 
the zth one with |z| < n, then o^x,o'^y share the same coordinates 
except the {i - fc)th one, thus 

\g{oh) - g{o^y)\<Y^x\i.^{(p) 

and the first statement follows. For the second just note that 

\Srrg{y)\ > \Sng{x)\ - \Sng{x) + S„g(y)| > n£ - Aq = n{£ - Ao/n) > ne/2. 

□ 

From Lemma IZTI we deduce that, if we fix a symbol a and define 
{■)" : X — » X,x i-» where x" = x, for i j and x" = a, and also x" for 
Xq, we have 
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Lemma 2.2. Let (p : X — > R &e of summable variation (Holder). Assume 
that SpCpiz) = Ofor every o -periodic point z with -period p g N. Then there 
exists a uniformly continuous function (respectively, Holder) ;^ : X — > R 
so that (p = X ° o - X- 

This lemma says that if a summable variation observable sums to 
zero over every periodic orbit, then this observable is cohomologous 
to the zero function. 

Proof. We just follow the usual proof of Livsic's Theorem: since X 
is the full countable shift, let cu 6 X be a point with dense positive 
cr-orbit and define x{(^) '■= and x{o"<^) '■= Ep) (p{o^(o). 

Then, for any / G Z+, if x" = o^co and m > n satisfy x'" G [x"]/, 
we define z := x^ . . .x^l^__^_^ the cr-periodic point with period m - n 
closest to x", i.e. z is periodic with period m - n and z G [x]„. By 
construction we have that the /th coordinate of x" and z coincide for 
i - 0, . . . ,1 + m - n and by assumption Sn,-n<p{z) = 0. Thus 



^^riix) < Ixixn - Xix")\ 



m-n-1 



m-n-1 



]=n 



m-n-1 m-n-1 



< Yj I<P(^0 - (p{o'z)\ < Yj vary+,((p) < var/((p). 
This shows that var;(;^) > and so x is a uniformly continuous 

/->+oo 

function. For each n G Z"^ it is easy to see that (p{x") = xi^"'^^) - x{x") 
and since {x"}„ez+ is dense in X and q),x are continuous, we get that 
(p = X°o-X^s stated. □ 

Hence from Lemma 12.21 if we assume that (p is not cohomologous 
to the zero function, then the following is true 

(G) there exists a periodic point z G X such that Sp(p{z) > where p 
is the (minimal) period of z. Then there exists t'l > such that for 
all < £ < 6'i and for all big enough n > Owe have \S„(p{z)\ > 2en. 
Indeed, there exists a periodic point z with period p G Z"^ such that 
|Sp(p(z)| and so we can find eo > 1 so that \Skp(p{z)\ > 3ekp for 
all k G Z"^ and < e < ei. Therefore, for every < I < p and 
k> pe max{|S,(p(z)| : < z < p} 

\S^,icp{z)\ = \Skp(p{z) + S,{z)\ > (kp + - > leikp + I), 

proving the (G) property. 

The following lemma enable us to choose a good cover for D^. 
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Lemma 2.3. Fix a finite subset Aq of the alphabet A. Given a finite family 
of functions ofsummable variation cpi, ...,<pk:X^ 'Rand of real numbers 
a\,..., Uk, consider 

D = {x eX: (pi{x) > a„ i = l,...,k} 

and assume D has positive ^-measure. 

Then there exists a periodic point z e D and, for any given big integer 
n > 0, there is an integer m > n and a Unite family e„ ofm-separated points 
in D such that, for 

a is a letter in the first n coordinates of some element x e G„} 

we get 

(1) for all X e C„we have [x]„, c D; 

(2) E,,e„ ^(Mnr) > ^ ■ m; 

(3) the projection nn,m '■ X — * A^^ " onto the coordinates n, . . . ,m - 1 
ofQ„ contains only letters from Aq, i.e. 7i„,,„(Cn) c A^'"; 

(4) z". G Qnfor alio < j <n and a e An- 

Remark 2.4. The periodic point z from (G) belongs to D^^ for all 
sufficiently small e > and big enough n G Z"^. 
In addition, for n such that 2Ao/n < e, we have that DJ^ contains z". 

for every symbol a in An and for each < j < n, by Lemma |Z3l 

Proof. Let C„ be a maximal n-separated set in D, that is, we choose 
one point in each non-empty intersection [aQ,ai, . . . ,an-i\ H D for 
flo/ • • • / € A. We observer that this set might be infinite and 
that {[x\n : X G C„} forms a disjoint open cover of D. 

Now we choose a convenient finite approximation: let C„ be a. finite 
subset of Q„ such that 

y ^{[X]n)<-m- (2-1) 

In this way we obtain that 

iU(D) < ^( ^^^e„\e„ M") + i"( ^^ee,, [^]«) < + ^^ee„ Mn) 

which implies item (2) of the statement for any m > n. 

We can at this point add finitely many elements of D to G„ according 
to our convenience. We first define A„ as the set of all letters at the 
first n coordinates of the points of C„. Then we take the periodic 
point z e D given by property (G). Finally we redefine C„ to equal 
the union 6,, U {z". : a e An, < j < n). 
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This keeps the above properties and the new set C„ satisfies item 
(4) of the statement. Since cpi is of summable variation, for eachx e Q„ 
we can find y e X and m = m{x) > n such that 

(a) yj = Xj for |;| < m, in particular y G 

(b) \(p,{y) - (Pi{x)\ < Ejc>m-„ var^(<P) < - <P/W so that (piiy) > ai 
for all z = 1, . . . , k, and y 

Now let Lq = #Ao. Since 6', is finite we can consider m„ = max{m(x) : 
X e Gn} and then take an integer l„ > log#C^/ logLp. For M„ = ni-n + ln 
replace each x G by y satisfying in addition to (a)-(b) above also 

(c) (ym„+i, • • • , ym„+i„) are distinct points in ^J". 

Observe that this ensures the new elements of G„ are still distinct 
points but can be separated in the coordinates following m„. Note 
also that the choice of was made to have "enough room" in 
coordinates to write #C„ distinct words in letters. The proof is 
complete. □ 

2.1. The upper bound. Here we give the main step of the proof of 
the upper bound for the limit superior in the statement of Theorem |Bl 
From now on we take C,, to be the cover of provided by Lemma |23l 
where we take i = 1 and = ne - co = n{e - coin) for some small 
cu > 0. We also set i/) := P - i/', where P = P^{ip) from (iLlOb . 

2.1.1. Choose a good sequence of probability measures from the covering. 
We consider the families of probability measures 



Note that from the assumption that [lis a Gibbs equilibrium measure 



'n 




S„.?(.r) 




n-1 



for \p we get 




(2.2) 



since, by the definition of Q„, the cylinders [x]„, [y]„ with distinct 
X, y G C„ must be disjoint. 
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2.1.2. Tightness of the sequence v„. The following simple argument 
shows that we can assume ri„{o~'[a]) > for every letter ainAn- 

Remark 2.5. The probability measure ?]„, defined above for the set 
D,^, satisfies r]„([fl]) > e-s«'/'(^")/Z„ > since contains z" for every 
symbol a in An, from Remark I2.4[ The same argument with for 

< y < n in the place of z" shows that r]„(cr"^[fl]) > for every letter a 
in An- 

Lemma 2.6. Let us define for each letter b of An and each < j <n 

^n^y^ ._ ^ ^-Sn4'(x)+4'(a'x) ^ 
xee„r\a-i[b] 

There exists a constant L > such that Qij) ^ Lfor every a 6 An, alln > 
and each < j < n. 

Proof. Fix some symbol a G An- For n G Z.'^ big enough so that 
property (G) holds and for < j < n write 



C(;)= L L 



-SyV;W-S„-y_i./i(a/+ii-) 



xo=bc,...,Xj=a,...,x„.i=b„.i 



> 



4(a'x) 



bo,...,bj,...,b„_i ^ee„ 

Xo=bo,...,Xj=a,...,x„_i=b„_i 

where we have used the Gibbs property only and write bj to denote 
the absence of bj in the index of the sum above. Now using the fact 
that z" belongs to C„ n o~'[a] and that \p is log-Holder, we bound the 
last summand as follows 

g-^'i<y'x) ^ ^-Ho'z'.) ^ ^-^(aiz)-varj(^,z)_ 

xet„ 

Xf=be,...,Xj=a,...,Xn-i=b„.i 

Since this bound does not depend on the choice ofbe,. . ., bj, b„-i 
we conclude that C"(;) > iiC2g-'?(a'z)-™ry(./;,z) obtain the statement of 
the lemma we set 

L = minjK^g-'^*'^'^)-^^'-/*'^'^* : < / < n,fl G 

= ininlK^e-^^'^''")-^^''!^^'^) : < ; < p} 

since, for all big enough n, the period p of z is smaller than n, and 
var;(i/^,z) < C\ip{z)\e~"' > 0. The lower bound does not depend 

either on ti or on ^/l/^. 
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Consider now the sequence of measures v„ and rjn defined above 
for D^. 

Proposition 2.7. There exists a constant C2 > such that for every symbol 
a in An we have v„{[a]) < C2/i([fl])/or all n sufficiently big. 

This shows in particular that the sequence iv„)„>i is tight. 

Proof. We need the following lemma. 

Lemma 2.8. There exists C2 > such that rj„{o~^[a]) < C2/i([fl])/or every 
n G each < j < n and for every symbol a e An- 

Proof. Fix a symbol a e A„ and < j <n. We have 

since e-^^"'""^ < ^-^^^(^II'']) < by the Gibbs property of [.l. We can 

bound Z„ using Lemma |Z6] as follows 

b xee„n[b] b ^ x6e„n[fo] 



b 

Finally we find an upper bound for Q using again the Gibbs property 
of jU 

xee„na"''[fl] 

since C„ is a n-separated subset. 

This shows that rin{o-'[a]) < Kj^Ha]) ■ K^/{L/K) = (K^/L) ■ ^{[a]) and 
concludes the proof. □ 

Now since the bounds in Lemmas 12.61 and 12.81 do not depend on 
< j < n for all big enough n, we see that for any given a £ A„ and 
sufficiently big n we have 

- Yj Vni(y~'[^]) = v„{[a]) < C2f/([fl]) 

" ;=o 

concluding the proof of Proposition 12. 7[ □ 
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2.1.3. Upper bound for large deviations on the base dynamics. Using the 
definition of v„ and Z„ and observing that for all n > 



;=0 " xe&n i=0 



we see that any weak* accumulation point v of the sequence v„ satis- 
fies v{(p) > e. In what follows we assume without loss of generality 
that v„ converges to v when n —> oo in the weak* topology. 

On the one hand since {[x]„ : x G C„} is an approximate cover of 
from Lemma |23l and the Gibbs property we have 

lim sup - log ftp',) < lim sup - log K—— Y , 

n^+oo n n^+oa n n L 

= lim sup — log Z„. 

On the other hand, considering the following partitiorQ of X 

7 = {[a] :aeAo}^{xeX:xoi Aq}, 
we note that by the choice of the points in Q„ the refined partition 

:= \/ 



\i\<M„ 



separates the elements of G„: there is at most one element of C„ in each 
atom of CP". From [|22l Lemma 9.9] we have 

Hv„(y''") - r Sn4>i^) dVnix) = log ^ ^'"'"^^'^ ■ 



From this we deduce following standard arguments (see e.g. 
pag. 220]) that for every 1 < q < n, denoting by #CP the number of 
elements of the partition CP 

-\ogZn<-H,,X'?') + ^log#7- [ ^dVn. (2.3) 
n q n J 

Now for the final step we need the following. 
Lemma 2.9. We have Vn{ip) — > v{ip) when n — > oo. 



'^The complicated choice of the covering in Lemma [2.3l was to be able to choose 
a finite partition here. 
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Proof. Using the log-Holder property and /i-integrability of ^ we get, 
for any given fixed x G X 



oo > 



= Y^^{\4>\x[ad > J^^d^/^C^")! - vari(i^,x«))^([fl]) 



thus \4^{x%L{[a]) < + vari(i/;,x'') < oo. 

Given a function g : X — > define for each L > the function gi 
to equal gii g > L and otherwise. 

Now from the Zog-Holder property of ij) and the /j-integrability Tp, 
together with Proposition 12.71 we obtain for every big enough n and 
for positive L 

v„{\4'\l) = Yj^^Mk-Xia]) < Yu dV^C^")! + varUi/^^x")) ■ v„([fl]) 

" a ■ sup ip\[a]>L 

<C2 Y (l'/^(^")l+vari(i/i,x«)V([fl]) 

a : sup i/)|[fl]>L 

< 



I {\ip{x)\ + 2vari{ip,x))dii{x) 

J|i/j|>L 

< I +2a-")rffi(x) ^0 

J\M>L ^^+°° 



which shows that v„{\p) is a uniformly convergent sequence of inte- 
grals. □ 

From inequality (|2.3|) and Lemma |Z9l we conclude 

11 r 

lim sup — log Z„ < - lim sup H^,,, ( -I- lim sup I -tp dv„ 

n— >+oo ^ ^ )|— >+oo «— >+oo J 

<K{o,7)- J ^dv <K{o)-v{^). (2.4) 

Finally we note that as a consequence of the assumption that is the 
unique Gibbs measure associated to i/^, we have for all v 6 M,^ \ {/.i} 

/z^(c7) - ;u(P - i/^) = > K{o) - v{P - ip). 

This shows that (|2.4|l is negative. 



■^The same argument shows in fact that \p e (/.i) <;=^ JLaeA I'/'l^")! < for any 
given fixed a £ A. 
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2.2. The lower bound. Let v be a cr-invariant probability measure 
satisfying (p,xjj e L^{v) and \v{(p)\ > e, for a fixed small e > 0. We 
define 

= |x G X : S„(p{x) > nej. 

We will find a sequence of invariant measures converging to 
V such that ^{Df^^) > ■ exp {h^^^^ - v„^(i/)) - 26) for small 6 > with 
hy^^ >hy-6 and v„^(i/)) < v(i/)) + 6. Then 

lim — log Li{D' )>hy- I ^dv-Ab. (2.5) 

Following the ideas in [|23| we approximate v by a finite convex 
combination of a-ergodic measures and then use their ergodicity and 
a weak form of specification to build the separated set which will 
provide the estimates for y.{ 
widehatD^^). 

2.2.1. Approximating hy ergodic measures. We use the Ergodic Decom- 
position Theorem |fT6l[T7| for the measure preserving endomorphism 
a of the Lebesgue space (X, !B, v), where !B is the Borel cr-algebra of X. 

Theorem 2.10. There exists a smallest o-invariant measurable partition J 
ofX except a set ofv-null measure. Let {v^j^gj be the disintegration ofv into 
conditional probability measures and v be the probability measure induced 
in the quotient space X/J. Then 

(1) V{ are o-invariant ergodic probability measures for v-a.e. E, 6 J; 

(2) for each n >1 and every v-integrable function g : X — > R" 

(a) ^ G 23 VE,{g) is v-integrable; 

(b) v{g) = fv,{g)dm; 

(3) hy{0) = fhy^{0\^)dv{a 

Now we use this to build a finite linear convex combination of 
ergodic measures which approximates v. 

Lemma 2.11. Define g : X/3 ^ by g{Q = {v^{(p), v^(i/)), hy^) (which is 
v-integrable) and let0<6< (v((p) - e)/4. 

Then there exists a finite linear convex combination Vq of ergodic measures 
such that \\v{g) - vo(g)|| < 6, where \\ ■ \\ denotes the Euclidean norm in R'^. 

Proof Choose C > so that C/(l - C) < 6/(2 + ||v(g)||). Let Q be a 
denumerable partition of MP into cubes whose diameter is smaller 
than C- Let also Qq c Q be the family of such cubes bounded by a 
cube [-L, L]-^, where L > is big enough so that 
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. q = v(g-\uQo)) > 1 - C; 
We can now define a probability measure 

where v^^^ is an ergodic measure chosen in g~^{R) for each R G Qq. 
Hence vq is a finite convex linear combination of cr-ergodic measures. 
Analogously we define a tail measure 

ReQ\Qo 

and note that ||vi(g)|| < s < C- 

Now we check that vq is an approximation of v: 

WHg) - Mg)\\ = q~%v{g) - (]Mg)\\ 

= (j~%v{g) - iqvo + Vl)g + Vi(g)|| 

< - l)v(g)|| + kv{g) - {qvo + vi)g|| + 

< ^Mg)\\ + - + -^<{2 + \\v{g)\\)rr^ < 6. 

q 7 ^ 1 

The proof is complete. □ 

Write vo = Z!=i'^!^i/ where a, > 0, Yji^i = 1 arid r/, are cr-ergodic 
probability measures. 

2.2.2. Build a good cover using ergodicity and a form of specification. Now 
we strongly use the fact that we have approximated v by a combina- 
tion of ergodic measures. As in Lemma |Z6l let Aq = Xfei var;c(i/^). Let 
N > 1 be such that 

In addition, choose N big enough so that for n > N and each i = 
l,...,k, the subset of X 

1 1 

satisfies rjj{Yl^) > 1 - 6 (where [a] = maxj; G Z : ; < a} is the biggest 
integer less or equal to a G R). Assume also that N is big enough so 
that var[fl;„]((p) < 6/k for alii = 1, . . . ,k and n> N. 



22 VITOR ARAUJO AND ALEXANDER I. BUFETOV 

Using a result from KatokB |[ T2l Theorem 1.1] we have that there 
exists a [fl,n]-separated set c Y'^ with at least exp ^[fl;n](/z,j. - 5)^- 

points. Number the elements of EJ, 

Consider a fc-tuple (/i, . . . , /it) with 1 < < mi for i = 1,. ..,k. There 
corresponds a point y = y/i,...,;^ ^ ^ (^^^ uniquely defined) so that its 
positive orbit shadows the orbit segments 

{x],ox],..., o^''"h] ),...,{%], ox],..., o^''"h] ). 
^ h' iv h" ^ ]k ]k' h' 

Let £ be the family of points obtained in this manner and fix y G £. 
By the summable variation of (p, for m = Yjiiaiti] and Hq = min,[fl,n] 
we have 

k k 

\Sm(p{y) - Yj S[a,n](p{x))\ < Yj var[«,.„] ((p) < 6. 
Now we can write because - 1 < < fl^n 

k k 



i = l ! = 1 

1 ^ 1 
! = 1 



since we must take the sign of ?],((p) - 6 into account, where a'^ = 
max{0,fl}. Note that by the choice of 6 in Lemma [2 . 1 1 1 and because 
m < YjiUin = n we have 

k 

Y m ■ {rii{(p) -b) = n- (vo((p) -b)>n- {y{(p) - 2b) > 0. 

/=i 

Together with the choice of N we obtain 

^Sm(p{y) > ^ ■ (v((p) - 26) - ^ - 6 > v{(p) - y 5 > e. 

This means that y G D^,. 

In addition, note that for different choices of the fc-tupples we get 
distinct points y, y' G £ which are m-separated, that is [y]^ fi [y']m = 
by construction. 



Stated only for homeomorphisms of compact spaces, but the proof does not 
use this assumption! 
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Finally observe that for w e [y]m we have, by Lemma IZTI 

Sm(p{w) > Smcpiy) - 2Ao > (v((p) - y 6 - -) ■ m - 2Ao 

/ , , 276 2Ao\ / , , 31a 
> \ v{(p) j • m > \v{(p) — —oj - m > m ■ £, 

where we have used that m = Y!i=i[^i'^] ^ Li=i(^!'^ - 1) = n - k. Thus 



{[y]m}ye£ is a family of m-separated subsets inside D 



2.2.3. Estimating the measure of D^j. Finally by the previous arguments 

we can bound the measure of Df„ from below. Since £ c U/YJ, and [j. 
is Gibbs 



> 2], exp ( - • inii4') + 5))- 



y6£ 



We also know that #E'„ > exp ^[fl;n](h,j. - 6)^ and from this we get 

!2{Dl) > - ■ exp (Y^iaiti] ■ (/i,,, - r],(V^) - 26)). 

(' 

Hence for any given 6 > there exists a big N so that for all n > N 
we can find m > n - k satisfying 



^ log ^(D^„) > -1 log K + 1 ^[a,n] • (/^,, - r|K^) - 26). 



/=i 



By the upper bound on large deviations already obtained, we know 
that h,^. - T];(i/') - 26 < and hence 

^ log ^(D^J > - 1 log K + ^ ^ a, . {h„ - r7,(^) - 26) 

> -- logK + {K - 6) - (v((p) + 6) - 26. 
m 

This completes the proof of (|2.5)) . 
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2.3. The rates. Now we obtain explicit expressions for the rates of 
decay of the measure of the deviation set. On the one hand, in 
Section 12.11 we showed that there exists a a-invariant probability v 
such that \v{(p)\ > e, ijj is v-integrable and inequality (|2.4|) is true, i.e. 

lim sup - log f/(D^) < hy{o) - I ipdv <0. (2.6) 

n— >+cx) ^ J 

On the other hand, in Section IZ2l it was proved that for every given 
cr-invariant probability v such that \v{(p)\ > e, \p is v-integrable, and 
given 6 > there exists a sequence Uk tending to +00 such that (|2.5)) 
is true, that is 

liminf - log u(D^) > sup \K{o) - lipdv: \v{(p)\ > e,v{\l>) < 00). (2.7) 

From (|2.6|) and (|2.7[) we deduce that the supremo above is also an 
upper bound for the limit superior and it is strictly negative. This 
completes the proof of Theorem |Bl 



3. Large deviations for maximal entropy measures for special 
flows over a full countable shift 

Here we prove Theorem O We assume that is a a-ergodic prob- 
ability on the full countable shift X which is a Gibbs measure and 
the unique equilibrium state with respect to ip = -h ■ r, where h is 
the topological entropy of the flow ft : X,. O built over o with roof 
function r : X — > [tq, +00), with some Tq > 0. In particular r (and xjj) is 
fi-integrable. 

This means that the induced /f-invariant probability measure /ir on 
Xr is the measure of maximal entropy of the flow. 

We assume further that r is log-Holder with exponential tail. 



3.1. Reduction to the base dynamics. Here we describe how to pass 
from the deviation set for the suspension flow with respect to a 
bounded observable with summable variation, to another deviation 
set for the base dynamics with respect to another observable, now 
unbounded. 

Consider a continuous observable (p : X,- — > R and note that we 
may write the time average of (p under the action of the semiflow on 
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the point z = (x, s) e Xy as 

(p(ft{z))dt = y (p(ft{oj{x\0))dt+ (p(ft{x,0))dt 

j~f Jo Js 



Jf^T+s-S„r(x) 
<p(ft{o"{xlO))dt, 




where n = n{x, s, T) e N is such that S'^r{x) <s + T < S'^^^r{x). 
Recalling that (pr{x) := j^^''^ (p[ft{x, 0)) dt for x e X we obtain 



f 

Jo 



(p{ft{z)) dt = S>,(x) + 7r(x,s), (3.1) 
where 

XT+s-S„r(x) n-s 
(p{Mo"{x), 0)) dt - J^(p{ft{x, 0)) df. 

Assume now that 9 : ^ R is bounded and that : X ^ R is 
Holder. 

Note that cpr is not necessarily bounded. Recall also that jUr(<p) = 
^{(pr)l^{r). We assume without loss of generality that ^{(pr) = 0. 
Moreover we also assume that there exists some cr-periodic point 
z e X, with period p e Z+, such that 



= r (p{ft{z,0))dt i^O where t := Spr(z). (3.2) 
Jo 

3.2. The limit superior. From now on all Birkhoff sums are taken 
with respect to o. The previous discussion showed that for £ > 

{z e X, : I I (p(ft{z)) dt\ > eT] = {(x,s) e X, : \S„(pr{x) + It{x,s)\ > eT], 

where n = n{x, s, T) as before. Hence because 

|S„^y(x)| + |It(^/S)| > |S„99^(x) + /t(^/S)| > eT 
we have that for every < <1 the deviation set is contained in 

{(x,s) G X, : \Sn(pr{x)\ > e{l - 5)t) U {(x,s) g X, : \It{x,s)\ > e^t}. 

(3.3) 

Observe first that by the exponential tail of r the following subset 
Rl:= {xeX: r{x) > L} for L > satisfies 

Co:= Je'°'d^> J e'°' d^i > e''^ ^{Rl) thus ^{Ri) < CQe'''^ . 
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Now taking L > big enough so that (n + l)e~^°"^^ < 1 for all n > L 

e~ 



rd^i<2_^ rd^i< Co 2^0- + l)e-'°' < Q e-'°''^ < Qy— ^. 

i>L ^' i>L i>L ^ 

(3.4) 

Now we deduce an upper bound for the measure of each set in (|3.3|) . 
On the one hand, writing \\(p\ \ for sup \(p\, since 

\It{x,s)\ <(s + Sn+irix) - S„r(x)) ■ ||<p|| = (s + (r o o"){x)) ■ \\<p\\ 

we obtain, using that [j. is a-invariant and (|3.4|) 

iU,{(:^,s)6X, :|Jr(x,s)|>eer} 

< ;u,{(x,s) G X, : s > + ^,{(x,s) G X, : (r o c7")(x) > 

= -^j| rd[^+ i roo"d[j\ 

r \j{xeX:rix)>eiT/{2\\<p\\)} J {xeX:(roa")(x)>£iT/{2\\q,\\)} J 



i rd[i+ i roo"d[^ = ^ i 



rdn 



< 2^ ■ j^. (3.5) 

On the other hand, there is a relation between n{x, s, T) and T for /i^ 
almost all points, where we write f for /i(r) = Jrd[j. 

S„r{x) T + s S„+ir{x) n n{x,s,T) 1 

< < so — = > -. (3.6) 

n n n T T t^oo r 

Note that the left hand side subset in (|3.3)) is contained in the following 
union for all sufficiently small a > 

T 

{(x,s) G X, : - < (1 - a)?] U {(x,s) G X, : |S„(p,(x)| > ne(l - 4)(1 - a)?], 

(3.7) 

where we are omitting the dependence of n on (x, s, T) for simplicity. 
Again given co > the right hand subset in (|3.7[) is contained in 

(X \ R,,t) n {(x,s) G X, : |S„(p,(x)| > n£(l - Q{1 -a)r&c-<{l+ a)r] 

T 

U R^T U {(x, s) G X, : - > (1 + a)r]. (3.8) 

For the first subset in (|3.8|) we can use Theorem |B] (since we have 
a cr-periodic point z such that Sp(pr{z) from condition (|3.2|) and 
from Lemma 12.21 we know that (p^ is not cohomologous to the zero 
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function) to obtain an exponentially small upper bound depending 
on T. We write J^^ for X\Ri for any L > in what follows 

T 

^r(KT n {\Sn(pr\ > ne{l - Q{1 - uf &C - < {1 + fl)?)) 

< ^Jx 6 X : \Sn(pr{x)\ > ne(l - -a)r&cn> -} 

r I I I (1+ a)r> 

< ^ . g(/!+6)T/((l+fl)?)^ ^3_5^ 

r 

for some small 6 > 0, where (} = (}{a, ^) < is given by Theorem |B] 

|S = sup {K{o) - I ^dv: \v{(pr)\ > e(l - - a)r, e L\v)]. 
For the middle subset in (|3.8|) we can use the bound (|3.4|) to get 

^^(^-^) ^ f TT^i^- (3.10) 

Now we only need an upper large deviation estimate on n{x, s, T)/T 
to finish. 



3.2.1. The lap number versus flow time. From (|3.6|) we consider the 
measure of the following subsets of Xr for any given < C < 1 /j' 

f in{x,s,T) 1| ^1 ( n 1 ^ ( n 1 ^ 

(nr 1 / s \ r 1 

i-Tn — 

+ fi.{->-^). (3.11) 

Since r itself can be taken as an observable in Theorem |Bl for n so big 
that 

1-^^>1- — >l-4>0 with — —<r 

Snr{x) nro (1 - ^)(1 + Cr) 

we can bound the first summand in (|3.11|) by 

nr „ 1 „ s \ r 



^|r<-iH_&iv.(i-^)<-l-) 



f ^1 + Cj' „ 1 ^ J' 1 

^ r n (1-^)(1 + C'')^ 



An 
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Now we split into pieces that are easier to estimate, for co > small 
and T big we have, from (|3.4|) and Theorem |B] 



< MRa,T) + ^^{x eX:n> T^-^ & is„r < . ^ j 

r ^ r n (1 - 4)(1 + L,r)' 

< !i£^ + ^,iy+mH-r)Trr^ (3.12) 

r 1 — e~^°'^ r 



because (y + 6)n < (y + + C.r)T/r, where 6 > is small and 
y = y(^, C) < is given by 



For the second summand in (|3.11|) observe that, using the relation (|3.6|) 
and considering the position of nr/{l - (J) on the real line with respect 
to S„r(x) (see Figure [D, we have either 



r{a"{x)) = Sn+ir{x) - S„r(x) > D/2, or 
r{o"-\x)) = SnTix) - Sn-ir{x) > D/2, 

where D = T + s-rn/{l- (,?))■ 



nr/{l-Cr) 0_ 

y' 



T + s S„+ir 

Figure 1. Relative positions on the real line of T + s and 
nr/{l - (J). 



Then setting t := T/n > r/(l - (j) > r > Tq we can write, by the 
cr-invariance of /j together with the tail estimate (|3.4[) and the bound 
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T > TqU (recall that n - n{x, s, T)) 
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< ^.{r oa- > r(l + I - ^) & ^ = T, for. = 04) 

< ^r{r o o"-' > rjl - Yzh] i = or i = l) 



= lir{{x,s) eX,. :x e o~"Rt{q} + i^Ai^^s) eX^ixe cr""+^Rj(g} 

[T-//-o]+l 



k=0 



Now we split the set in two parts as in (|3.12[) and use the cr-invariance 
of jJ. 



[T/ro]+l 



*:=0 

Co/yT- 



*:=0 



< 



Co + a;r/rr 



'^-eoa,T/2 ^ g-T2l(i-7/(ro-roC?)) ^ 

1 - e-'W2 



(3.13) 



Putting (|3.12|) and (|3.13|) together and letting cu, 5 > be arbitrarily 
small we get 



limsupilog^,.{ 1^ - i| > C) < max{7i^,-|(l - ^^^/_^-^ )}- 

(3.14) 



T->+oo 



3.2.2. Exponentially small tail. Finally, comparing the right hand sub- 
set in (|3.8)) with the usage of C in (|3.11|) of Subsection |3.2.1l we see that 
fl + 1 = (1 - Cr)-i thus C = ■ =; so that putting (|31B 
and (|3.14[) together we arrive at (letting again cu, 6 > be arbitrarily 
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small) 

limsup- logfiiz G X, : I I (p(ft{z)) dt\ > eT] 

T^+co J Jo 



< max 



y 2 + a Eo 



(l+fl)?'? 2V- ro(l-Cr)^' 2\\<p\\' 2\\<p\\ 

for all small enough a,C > and also 5, e, cu > 0. Observe that eo 
does not depend on e and by the assumptions on [j. (i.e. [j. is the 
unique equilibrium state for the potential ^p) we have y{^, Q ^> 0. 

Thus we can take e, ^, C > so small that j6/((l + a)r) is the maximum 
value above. Then letting a be very small we obtain the statement of 
Theorem O 

3.3. The limit inferior. For the limit inferior we need to restrict the 
class of observables to consider. We assume that (p : X,- — ^ K. is 
continuous and bounded, with /ir(<p) = and (p^ : X — > R an Holder 
function and, in addition, that <p has compact support: there exists a 
compact subset K c X,. such that (p = on X,- \ K. Let ri = max^ > J'o 
in what follows. We now show that any deviation set for (p under 
the flow ft can be related to a specific deviation set for (p,- under the 
shift map, in such a way that we can apply the lower bound for the 
rate of large deviations provided by Theorem |Bl 
We start by noting that the function 

g{x,s) := (p{x,s) -(pr{x) 

is bounded and satisfies 

r{x) 



9r{x) = I {(p{x, t) - (pr{x)^ dt = I {(p{x, t) - (pr{x)j dt = 
*J *J 



and 

ll^'ll := 



sup 

{x,s)eXr 



(p{x,s) - 



r(x) 



(p{x, t) dt 



<\m + n\\cp\\ = {i + n)\\cp\\. 



Now from relation (|3.1|) applied with g in the place of (p, for all 

(x, s) G X,- and T > 0, with n = n{x, s, T) 

Jg(^ft{x, s)j dt = Sn^rix) + It{x, s) = It{x, s) and 




Ihix.s)] < 



T+s-SuHx) 

g(ft{o"{x),0))dt 



+ 



j^Q{Mx,0)) 



dt 



<Ci :=2ri||^)||<2ri(l+ri)||(p||. 



(3.15) 
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Therefore, by the definition of q, for each (x, s) G Xy and all T > 



I (p(/f(x,s))rff > 1 (pr(no ft{x,s))dt 



-Ci, 



(3.16) 



where tt : X,. — ^ X is the projection on the first coordinate. 

We observe that, because cp has compact support, using the re- 
lation (|3.1|) , /or f/ze purpose of calculating ^ (p{ff{x, s)) wzf/z groen 
(x,s) G Xr flnrf r > 0, we mai/ assume without loss of generality that 
both s < ri and T + s - S„r{x) < ri, since (p{y,t) = Ofor all y e X and 
t > ri. In other words, any value of the Birkhoff integral of (p for the 
flow ft always coincides with the value of the Birkhoff integral for 
some (x, s) G X^ and T > satisfying the conditions stated above. 

Now we use again the relation (|3.1|) with cp,- in the place of cp to get 



j (pr[n o ft{x,s))dt\ 



n-l pr(a'{x)) 



/ I q)r{o\x)) dt - S(pr{x) 



+ 



(t - r{o"-\x)))<pr(o"-\x)) 

> \Sr,{r ■ (pr){x)\ -2ri\\(pr\\ 

> ro ■ \S„(pr{x)\ - 2rl\\(p\\. 

This implies that if |S„(pr(^)| > e(l + ^)T/ro, then 



(3.17) 



( (p(f{x,s))dt\>ro 

*J 



£(1 + V)T 



2r?lM|-Ci 



2r\ + 2ri{l +ri) 



T 



\\(P\\)t > eT 



for all > and T > {^r] + 2ri)\\(p\\/{U). Therefore for e,5,C > 
we can write 

[^r{{x,s) : j (p(^f{x,s))dt > er} > [^r{ix,s) : |S„(p,.(x)| > e(l + 5)r/ro) 

> ^r\{x,s) G X, : \S„(p,.{x)\ > e(l + &c - < t-^V 
^ I ' I rQ n 1-L,r' 

Finally, since r > ro, we have the following (crude) lower bound for 
the last expression 



■ ;u{x G X : \Sn(pr{x)\ > ^^j-^-y^n]. 
^ ' ' ^0(1 - Cr) ' 
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From Theorem |B] we obtain for all big enough n and T > (recall that 

T > nro) 



lir[{x,s) G X, : I (p(/t(x,s))rfi| > er} 

V/ 



where 6 > can be taken arbitrarily small and co = a){e,E,,Q < ^ is 
given by Theorem |B] 



0) = sup 



{/z„(cT) - fxpdv: \v{(p,.)\ > ^^^,v G Ma,ip G Li(v)). 



Since C, 6 > are arbitrary, we see that the exponential decay rate 
of the measure is bounded below by 



1 

limmf-logft,.{ I (p[ft{x,s))dt > eT}> 

V/ 

The proof of Theorem O is complete. 



a;(e,0,0) 
ro 



4. Application to the Teichmuller flow 

In this short section we apply Theorem O to the coding of the 
Teichmuller flow on the moduli space of abelian differentials. 

The applications of these results to systems admitting a coding 
through flows over countable full shifts are consequences of the fol- 
lowing simple observation. 

We recall that a measure preserving dynamical system (X gtr 23, v) 
(where gt is a 3-measurable flow) is a factor of the system (X, ft, A, /j) 
(where f is a TL-measurable flow) if: 

• there exists a measurable map i : Y — > X which commutes 
with the actions of the dynamical systems: iigty) = fi^y) for 
all y G y and all t; 

• i{Y) = X and the induced measure v{i~^A),A G A equals /j. 

Lemma 4.1. Let us assume that (Y, gt, A, v) is a factor of (X, f, 23, [i) with 
a factor map i : Y — > X. 

Then for any observable (p : X — > ]R with ^{<p) = we have that the 
deviation sets 

Dx{(p, e) = {z G X : I f (p(ft{z)) dt\ > eT] and 
Dy((poi,e) = {zGy:| r ((poi)[ft{z))dt\> eT] 

*J0 
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are related as follows: 

Dx{(p, e) = h(pY{(p o i, £■)) 

So if we can relate two flows as above and identify the class of 
functions ip such that there exists (p : X — » R satisfying \p = q) o i 
and a large deviation estimate for the system (X,/f, S, /.t), then we 
can pass the same estimates for that class of functions on the system 
{XguA,v). 

Remark 4.2. However if the given isomorphism does not respect 
other measures, then we may not be able to interpret the deviation 
rates for the system (Z, Y', m) as the variational bounds in Theorems|B] 
andO See item (3) of Proposition 11.21 

We note that the roof functions r„ : X — > R+ in Proposition 11.21 
are Holder and bounded away from zero, so they are automatically 
log-Holder as well: if r„(a;) > bn > for all co e X, then for N G N, 
co,(v' eX with co' e [cuJn 



1 



Tnico') 



\r,r{a)) - r„{a)')\ ^ Ca^_ 
\rn{co')\ ~ b„ 



Moreover, fixing n G IN and connected component of Mk, a func- 
tion (p : 'H — > R which is bounded and Holder in the sense of Veech 
induces a function 6 : 'yQ^^(^R) — > R so that (p o n<R = 0, and then the 
function = 6 oi^: X^,, — > R is such that : X — > R is Holder. 

Finally, each roof function r„ has exponential tail (with respect to 
jUk) since Tk> c for some positive constant c for the compact K d'H 
indn]). 

Hence, we can use TheoremlClwith xp as the observable to estimate 
the rate of decay of the deviation sets for cp. 
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